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Napier and the Computation of Logarithms

Joachim Fischer

Introduction

Some years ago it was claimed, in a widely read jour-
nal, that historical accounts [on Napier’s Logarithms] are
either sketchy or inaccurate or both.1 True; but the situ-
ation has not really improved since then, especially con-
sidering the efforts of the claimant to explain Napier’s
discovery . I will concentrate here on one of the most ne-
glected aspects of Napier’s work on logarithms, namely
on the numerical treatment of their construction. I have
already done this for a smaller audience2, by delivering
a more or less detailed – albeit technical – sketch. The
problem with historical numerics is that it usually has
to involve many calculations and re-computations. This
is especially (and trivially) true for Napier and his Con-
struction of the Wonderful Canon of Logarithms3, but
might prove to be rather dull reading for those not es-
pecially interested in numerical methods. Instead I will
try to make the present readers acquainted with some
of Napier’s ingenious numerical ideas. I shall try not
to elaborate every detail, but will outline the most im-
portant lines of thought. I assume the reader to be
acquainted with part of the literature on Napier’s log-
arithms, but will state briefly the necessary facts and
prerequisites. Some mathematics will also be needed, of
course.

All Napierian ideas, theorems, and proofs will be pre-
sented here in modern terminology (but with the precau-
tions necessary to avoid anachronisms). Napier’s presen-
tation of the Constructio is written in a deductive and
laconic style that does not give any hints as to how his
ideas evolved from each other. Any reasons why certain
things have to be defined, introduced, or done in pre-
cisely the way they are defined, introduced, or done, have
been carefully suppressed by Napier. This was the aca-
demic style of the time, and in this way Napier was able
to produce one of the most influential and most dense
mathematical texts on only 31 octavo pages of print.

Napier’s Logarithmic Function

The function SIN . It is well known today that Napier
set out to construct a table of logarithms of sines for an-
gles α in the first quadrant. The sine of an angle was
given in Napier’s day as the length of the leg opposite
to α of a right triangle with hypotenuse h, and therefore

depended on the choice of h. The larger h, the larger the
sine and therefore the more accurate – because its length
was given as a natural number (i.e. without decimals).
Napier made use of a table of sines with h = 107. Let
SIN denote the sine belonging to a fixed hypotenuse of
107; we then have:

SIN(90◦) = 10000000
SIN(60◦) = 8660254
SIN(45◦) = 7071068
SIN(30◦) = 5000000

Thus, modern sines are obtained simply by dividing by
107. Let Napier’s logarithm be denoted by LN, to make
its difference to the modern LN (logarithmus naturalis)
clear. Then Napier’s aim can be stated as follows: con-
struction of a table of LN(SIN(α)) from α = 0◦0′ to 90◦0′

in steps of 1′. This table will therefore have 5401 entries.

The function LN. Napier’s logarithm LN is linked to
our LN in the following way4:

LN(x) = h · (LN(h)− LN(x)) = h · LN
h

x

Thus
LN(SIN(90◦)) = LN(10000000) = 0
LN(SIN(60◦)) = LN(8660254) = 1438410
LN(SIN(45◦)) = LN(7071068) = 3465736
LN(SIN(30◦)) = LN(5000000) = 6931472

It is easy to see either immediately from the expression
given above or from these examples that the sequence of
figures in LN(SIN(α)) is identical with the sequence of
figures in LN(sin(α)); their respective values differ only
in sign and in the position of the decimal point5. Napier’s
definition leads to LN(a · b) =LN(a)+LN(b)− h · LN(h).
Since he has h = 107, the modern logarithmic functional
equation of type log(a · b) = log(a) + log(b) obviously
does not hold. Apart from the fact that such a kind of
functional equation was not what Napier looked for, this
also was of no importance to him, because his logarithm
LN already had all the properties Napier needed: for if
a · b = c · d, then obviously LN(a · b) =LN(c · d), but also
LN(a)+LN(b)− h ·LN(h) =(c)+LN(d)− h ·LN(h). Now
−h·LN(h) can be cancelled, and we have LN(a)+LN(b) =
LN(c)+LN(d), which is easily seen to be able to replace
our modern functional equation (see below).

1Ayoub (1993) 351.
2Fischer (1997)
3Napier (1619), Napier (1620), Napier (1889/1966).
4For details, the reader may consult one of the following books or articles: Napier (1889/1966), Glaisher (1911), Knott (1915), Naux

(1966/71), Struik (1969, 1986), Ayoub (1993, 1994).
5By the way, the decimal point is Napier’s invention too. – I will refrain from taking up the discussion whether Napier’s logarithms

are to the base e or e−1, whether natural logarithms are correctly Napierian logarithms according to some authors, and other questions
of this kind. Let me add two remarks: 1. Scaling and changing the sign do not really create subtantially new numbers; 2. On the other
hand, the uncontrolled use of anachronistic terminology – as base would be here – should be avoided.
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It was only later that Napier had the idea of further
simplifying the use of logarithms by a redefinition, which
will not be discussed here, but which led to new loga-
rithms – very similar to the decimal ones of our own con-
temporary tables. Napier’s unexpected death left Henry6

Briggs with the task of carrying this out.

Properties of LN. Napier proves the properties of LN
geometrically. This was state of the art in his time; re-
member that many theorems later considered to belong
to calculus (calculus itself not yet available in Napier’s
time) had already been proved in this way by Cavalieri,
Descartes, Fermat, and others. Eudoxos of Knidos and
Archimedes, however, were among the first to proceed in
this way.

Here are the most important properties of LN (the §
numbers are those of the Constructio):

§ 27: LN(h) = 0

§ 29: h− x < LN(x) <
h(h− x)

x
[0 < x < h]

§ 34: LN(x)LN(h) = LN(x)

§ 35: LN(b) + [LN(a)LN(b)] = LN(a) [a < b],

LN(a)[LN(a)LN(b)] = LN(b) [a < b]

§ 36: LN(a)LN(b) = LN(u)LN(v)

if a : b = u : v [a < b]

§ 38: LN(a) + LN(v) = LN(b) + LN(u),

if a : b = u : v

§ 40:
h(b− a)

b
< LN(a)− LN(b) <

h(b− a)

a
[a < b]

Remarks. The formulas given here correspond to
Napier’s use, but they should be taken with some care:
Napier has no symbols for ordering at his disposal; nei-
ther was it customary in his time to distinguish “<” from
“≤” (which we today would prefer to see in almost all of
the formulas); variable quantities may not assume nega-
tive values. Amendments in square brackets are condi-
tions that he does not explicitly mention.

LN is monotonously decreasing from LN(0) = ∞ to
LN(h) = 0 (the latter by § 27). Its range of arguments
is per definitionem the closed interval [0, h] = [0, 107],
because its arguments are SINes for angles α between 0◦

and 90◦. § 34 is obvious from § 27. § 35 expressly says
that LN is a decreasing function, because the difference
in brackets is always positive if a < b; the double state-
ment is needed here, because the difference – a variable
quantity – may not assume negative values (see above).
The modern functional equation is replaced by §§ 36 and
38 – this being even an advantage for Napier’s contempo-
raries, because they usually dealt with proportions. Most
important is the inequality of § 40 (see below); § 29 is
merely a special case of § 40 (let a→ x, b→ h).

All of the inequalities may be derived by looking at
Taylor’s expansion of LN for suitable argument values
and by breaking off after the linear term. But this proce-
dure was not available in Napier’s time (instead he used
the geometrical methods mentioned above), and I will
not pursue this interpretation further, interesting as it
might be.

Napier’s ingenious approach

The basic ideas. It is easy for us to state in modern
terminology what Napier’s ingenious invention and con-
struction is all about: continuity and interpolation. Both
terms probably did not have any meaning for him, and
surely not our modern meanings, but nonetheless they
perfectly describe what he did in conceiving of LN.

First, all of his predecessors (and also his contempo-
rary, Jost Bürgi) only saw that if an arithmetic sequence
yn, yn = y0 + nd, n = 0, 1, 2, . . . , is linked to a geomet-
ric sequence xn, xn = x0q

n, n = 0, 1, 2, . . . , in such a
way that xn corresponds to yn and vice versa, then addi-
tion in the arithmetic sequence somehow corresponds to
multiplication in the geometric sequence and vice versa.
If “0” occurs in the arithmetic sequence and “1” in the
geometric sequence, and if these two values correspond
to each other, the resulting correspondence between ad-
dition and multiplication is simplest. In other cases the
word somehow applies, but the correspondence is simple
nonetheless. The problem with any geometric sequence
xn, however, is that sooner or later the distance between
two consecutive terms xn+1 and xn becomes too large
or too small to be of any use in real calculations (this
depends on x0, q and n, of course). Thus the question
of interpolation should pose itself soon, but how could it
possibly have been achieved? Bürgi decided in favor of
a q near to 1 – more precisely q = 1.0001 – and on what
we today would call linear interpolation, but this is not
reliable everywhere. So it seems tempting to stick to the
discrete approach, because the final aim obviously should
be a table, also having discrete entries. On the other
hand, there was no satisfactory solution to the interpola-
tion problem then. Napier’s LN, however, is continuous
in its whole range of definition – with the exception of
x = 0, where LN(x) becomes infinite – so the relation-
ship between x and y = LN(x) exists everywhere, not
only at discrete points (as in sequences). The interpo-
lation problem seems to transform itself into a merely
computational problem.

Next, Napier embeds the discrete approach into his
continuous one (see below), and therefore the interpola-
tion problem continues to exist for him, too. This prob-
lem, however, is now solved with the sole help of inequal-
ity § 40. Since Napier – by the continuity of his LN – is
free to choose the a’s and b’s of § 40 as close together as
he wishes (or needs, as we soon will see), interpolation
now can be made arbitrarily accurate. In this way, the
detour that he seems to take, by inventing the admit-

6Not John, as Ayoub erroneously writes two times: (Ayoub [1993] 363).
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tedly more complicated continuous relationship between
x and y, pays off immediately with the satisfactory and
complete solution of the interpolation problem.

Before the Construction

Initial range. Napier only has at his disposal the de-
rived properties of LN and the single value 0 of LN at
x = h. This means that from LN(h) = 0 and these prop-
erties all other values have to be computed. Computa-
tion here means to determine numerically the value of
the function LN at (potentially) any argument x. There-
fore an initial interval or range of computation has to
be chosen. Napier could have chosen [0, h], of course,
but the smaller the initial range, the less computational
work has to be done in the first step. But if an initial
range different from [0, h] is chosen and if logarithms for
this range have been computed (and thus “are known”),
means must be found to extend the computation to the
remaining range. This was perfectly clear to Napier; he
explicitly devised two methods to achieve this, and even
compared their respective results. I will not describe
these methods here, but will only give the initial ranges
needed: [ 12h, h] for the first method, and the considerably

smaller interval [
√
2
2 h, h] for the second method. Method

1 is arithmetic, whereas method 2 is trigonometric (re-
member that Napier deals with logarithms of SINes, so
a trigonometric approach seems appropriate indeed).

Accuracy. Napier has to define some degree of accuracy
for his table. Since he wants a table of LN(SIN) with
natural numbers as logarithms (see above), his criterion
refers to the last figure of his logarithms and is given in
a kind of statement in § 6: For in our large numbers,
an error which does not exceed unity is insensible and
as if it were none. In modern words, this amounts to
saying that the absolute error in his tables is less than
unity (let me add in passing that this statement will only
hold for the initial range). Observe that the true value is
not known to Napier! The problem can now be reformu-
lated as follows: starting with LN(SIN(90◦)) = 0 and the
properties of LN, the function LN has to be computed
in the range [SIN(30◦),SIN(90◦)] with an absolute error
less than 1.

Napier obviously had a clear notion of this task. This
becomes especially clear when his treatment of error
propagation is considered. Since Napier does not have
LN, he cannot do better than undertake a forward anal-
ysis of his method of computation. That is, he inves-
tigates the propagation of initial errors in order to find
the necessary conditions for achieving his aim within the
accuracy desired. Since he only has LN(h) = 0 and the
properties of LN at his disposal, these properties have
now to be investigated. They make use of the four basic
operations of arithmetic and of inequalities. Napier most
ingeniously considers the four basic operations with val-
ues that are included between lower and upper bounds
(i.e., that are given themselves by inequalities). This is
what we today call Interval Arithmetics – but this is a

method usually ascribed to the 20th century!

Interval Arithmetic. Although it is used in many
places in the Constructio, the interval arithmetic inves-
tigation of the four basic operations by Napier is rarely
mentioned. It is elaborated in the very first paragraphs
of the Constructio: Let a and b only be known to lie
between certain bounds, that is, in an interval:

§ 7: 0 < amin < a < amax 0 < bmin < b < bmax

Then one has the following inequalities for the four basic
operations of arithmetics:

§ 8: amin + bmin < a+ b < amax + bmax

§ 9: amin · bmin < a · b < amax · bmax

§ 10: amin −−bmax < a− b < amax −−bmin

[amin − bmax > 0 is implicitly required here]

§ 11:
amin

bmax
<
a

b
<
amax

bmin

Napier in this way analyzes initial errors as well as
errors introduced by the operations. He even knows that
rounding the bounds thus obtained (if necessary) must
be done in such a way that lower bounds are rounded
downwards, upper bounds are rounded upwards (§ 12).
Thus, Napier anticipates the most advanced and precise
form of present-day error analysis.

Optimal bounds, optimal values. It is inevitable
that Napier at some point in his calculations needs nu-
merical values for variables, but only has the bounds
mentioned above. In this case, Napier takes the arith-
metical mean of the bounds, and considers this mean as
the true or at least optimal value. Computing the mean is
done as late as possible, in order not to reduce accuracy
too early. There are two implicit rules that he seems
to obey with this: A number sought to m decimals is
optimally bounded, first, if the bounds differ less than
one unit of the mth decimal (this of course is not always
attainable; let’s call these strong bounds); or second, if
the bounds have been computed with the highest accu-
racy available within the pre-established number of deci-
mal figures used (weak bounds). Taking the arithmetical
mean is in most cases considered an optimal choice even
today; this could be made more precise, but I refrain
from doing this here.

It should be mentioned, however, that the values ob-
tained by Napier in following this procedure are often
even more accurate than originally requested by him. To
see a glimpse of this, consider the following example: Any
number a that is strongly bounded by natural numbers
obviously fulfills the condition n < a < n+ 1 (n a natu-
ral number). Taking the mean results in the assignment
“true value of a” = n+ 1

2 . Since in the end only natural
numbers are allowed, Napier has the choice of taking ei-
ther n or n+ 1 for a – but none of these values will differ
more than 0.5 from the true or optimal value.
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A reconstruction of Napier’s procedure

The general idea. Napier’s function y = LN(x) is the
continuous counterpart of the discrete mapping of a ge-
ometric sequence to an arithmetic sequence (see above).
But into this continuous mapping the discrete mapping
can be embedded. This Napier achieves by the following
consideration: §36 says that two pairs (a, b) and (u, v),
both pairs being in equal proportion, a : b = u : v, have
the same logarithmic difference:

LN(a)− LN(b) = LN(u)− LN(v)

Now in any geometric sequence

{xk}k=0,1,2,... = {x0qk}k=0,1,2,...

all pairs (xk+1, xk)k=0,1,2,... of consecutive numbers are
in equal proportion x0q

k+1 : x0q
k = q, and thus all dif-

ferences LN(xk+1)−LN(xk) are equal. Considering a de-
creasing geometric sequence {xk} starting at h, Napier
at once has

x0 = h, xk+1 = q · xk
(0 < q < 1; k = 0, 1, 2, . . . );

xk+1 : xk = . . .

= x2 : x1 = x1 : x0 = q < 1;

LN(xk+1)− LN(xk) = · · · = LN(x2)− LN(x1)

= LN(x1)− LN(x0)

= LN(x1).

The last line obviously implies

LN(xk) = k · LN(x1).

It thus suffices to know the value of LN(x1) alone in
order to obtain all other values LN(xk) of numbers xk
in the geometric sequence. If in addition one chooses q
close to 1, the xk are close to one another, but one may
need many terms of the sequence to reach the other end
(h/2 for method 1) of the initial range.

On the other hand, logarithms LN(x) for numbers
x not in the sequence {xk} can be obtained (i.e., can
be bounded) by § 40, and thus by using interpolation.
Since interpolation introduces errors, Napier has to re-
quire that his interpolation procedure be accurate within
the prescribed degree of accuracy. In other words: it may
not be necessary to choose q too close to one (and thus
to have to compute an enormous number of terms of the

geometric sequence and to add up an equally enormous
number of logarithms), but one might be content with a
q not so close to 1, as long as the interpolation scheme of
§ 40 gives results within the accuracy desired. I will now
try to show that this was what Napier really did, before
writing the Constructio down and before omitting and
eliminating any hint – with one possible exception – to
this consideration: certainly, one will not find this rea-
soning in the Constructio (remember it employs a purely
deductive style).

Interpolation. Let us assume for the moment that we
have chosen a geometric sequence {xk} starting at h, hav-
ing a quotient q, 0 < q < 1, and that LN(x1) and thus
all LN(xk) are known. This is, basically, the situation at
§ 49 of the Constructio. From the interpolation scheme
in § 40 we would expect that for any x not in the se-
quence, Napier would first look for the number xk in the
sequence and nearest to x. Then we would expect him to
apply § 40 with a→ x, b→ xk or vice versa, depending
on whether x < xk or xk < x (we choose the first case
for illustration). This would give him the two bounds for
the logarithmic difference LN(x) − LN(xk). We would
then expect him to take the arithmetic mean of these
two bounds. By adding the value of LN(x)−LN(xk) thus
obtained to the already known value of LN(xk), Napier
would get LN(x).

But what does Napier’s § 50 really say (translated
into modern terminology)? “Take h(xk−−x) and divide
this number7 by the easiest divisor x̄, x ≤ x̄ ≤ xk. Then
simply add (or subtract, if xk < x) the result to LN(xk).”
That is, Napier neither computes the two bounds, nor
does he take their mean. Instead he does this compu-
tation only once, and with a number chosen almost ad
lib, only satisfying the conditions that it lie between x
and xk, and that division is easiest. Why should this
procedure lead to accurate results? Here’s the only hint
that Napier gives: the quotient just described will not
differ by a sensible error from the true difference of the
logarithms on account of the nearness of the numbers in
the table8 (quorum nullus à vera artificialium differentia
errore sensibili differet, propter propinquitatem numero-
rum Tabulæ9). But since for the table mentioned Napier
has chosen q = 0.9995, the numbers in this table (i.e.,
in the geometric sequence) are between 2500 and 5000
units apart – which does not seem very near.

Accuracy of Interpolation. This procedure should
have raised some interest, because in the end it really
seems to lead to correct results. But why, then, does

7Which is the numerator of each of the two bounds of § 40.
8Translation by Macdonald, in: Napier (1889/1966) 36.
9Original formulation by Napier, in: Napier (1620) 26–27.

10Ayoub (1993) 362 completely misunderstands this crucial procedure when he simply observes that in fact he [Napier – JF] often
divides not by a or b [here x or xk – JF] but by some intermediate values to render the arithmetic easier. Macdonald (in Napier
(1889/1966)) does not comment on this procedure, nor does anyone else, as far as I can see.

11This is the point that Ayoub seems to make in the beginning of his article [Ayoub (1993)], because it is true that most of what has
been written on Napier’s logarithms merely describes in more or less modern terms what Napier did, but not why he did it that way.
Alas, Ayoub also repeats this kind of descriptive translation time and again, based mainly on Macdonald’s sparse and at the same time
not very reliable comments and interpretations in Napier (1889/1966).
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the division with any x̄, x ≤ x̄ ≤ xk work10? I propose
the following reconstruction, which will not only describe
Napier’s choice for q, but will explain it11.

The two bounds of § 40 delimit the difference LN(x)−
LN(xk). Assuming that LN(xk) is known within the ac-
curacy required by Napier, i.e., with an absolute error
less than 1, then the difference to be added in order
to obtain LN(x) must not have an error greater than
1, too. (In fact, both numbers should be known even
more precisely; namely, with an absolute error less than
0.5, because the respective errors during addition also
might add up, if they were both in the same direction.
Napier seems to have known this, and indeed his num-
bers are more precise, as hinted above.) In other words,
the difference has to be strongly bounded by these two
bounds, which in turn means that the difference between
the bounds must not exceed unity. That is,

h(xk − x)2

x · xk
< 1

.
The condition for q. Let us now consider this expres-
sion in more detail (but I will discuss in extenso only
the case x < xk, as before). Since the sequence {xk} is
decreasing, we have xk+1 < x < xk. Then the distance
xk − x obeys the inequality

0 < xk − x ≤
1

2
(1− q)xk

.
To see this, observe that xk − xk+1 = (1 − −q)xk is the
distance from xk to xk+1, and as x is nearest to xk, the
distance from x to xk is at most half of the distance
xk − xk+1 (because otherwise xk+1 would be nearest to
x). A reformulation results in the second inequality

1

2
(1 + q)xk ≤ x < xk

.
The accuracy requirement above is fulfilled a fortiori, if
the numerator of the fraction is increased by the first
inequality, and if the denominator is decreased by the
second inequality, before the fraction itself is bounded
by 1:

h(xk − x)2

x · xk
≤

h 1
4 (1− q)2x2k

1
2 (1 + q)xk · xk

=
h(1− q)2

2(1 + q)
< 1

.
This quadratic inequality holds for 0.99936764... < q < 1
(the case xk < x < xk−−1 leads to a linear inequality
with solution 0.99936794 · · · < q < 1). The first easy–
to–handle q to fulfill these conditions is exactly the value
that Napier chose: q = 0.9995. This is, I think, the ex-
planation for his choice of q, and it has been deduced from

the requirement that interpolated numbers must have the
same accuracy as directly computed numbers.

The number of terms needed. The condition for
q was derived under the assumption that all LN(xk)
are known with the accuracy required. Since LN(xk) =
k ·LN(x1), this in turn raises the question of the accuracy
required for LN(x1). The expression xk = qkx0 = qkh
suggests considering qk with q = 0.9995:

q0 = 1.0000, q1 = 0.9995, q2 ≈ 0.9990, . . . q20 ≈ 0.9900

With p = 0.99 ≈ q20, Napier advances more rapidly12:

p1 = 0.99, p2 ≈ 0.98, . . . , p69 ≈ 0.5,

more precisely: p69 < 0.5 < p68. Therefore h/2 ≈ p69h ≈
(q20)69h = q1380h; a geometric sequence with q = 0.9995
has reached h/2 (the other end of the initial range of
method 1, see above) with its 1380th term and thus fills
the interval of computation [ 12 , h] with points of reference
that are dense enough for accurate interpolation.

The accuracy needed for LN(x1). The accuracy of
the last term’s logarithm, LN(x1380) ≈ LN(h/2), is worst
among all LN(xk). Since LN(x1380) = 1380LN(x1),
and since LN-values are natural numbers, LN(x1) =
LN(9995000) has to be computed with accuracy at
least 1/1380 ≈ 0.0007 for the final absolute error to
be less than 1. But § 40 only gives us 5000 <
LN(9995000) < 5002.50125, which is far from the ac-
curacy required. There are two possible solutions to this
problem: either Napier could iterate the procedure, us-
ing [9995000, 10000000] as a new interval of computation
and 0.0007 as the accuracy required therein, thus looking
for a new condition for q in this interval – or he could
have a look at the problem from the other side. I think
he followed this way.

LN(9999999). Computation of the table of LN(SIN) re-
quires evaluation of LN at 5400 natural numbers x =
SIN(a); it seems probable to me that Napier there-
fore concentrated on natural numbers. He knows that
h = 107 has LN(h) = 0; the natural number near-
est to h in [0, h] is h − 1 = 9999999. This number
can be viewed as the term v1 of another geometric se-
quence, starting at v0 = h with quotient r = 0.9999999,
vk+1 = 0.9999999vk, k = 0, 1, 2, . . . . Then § 29 gives us
now the inequality

1 = h− 9999999 < LN(9999999) < h
(h− 9999999)

9999999
= 1.0000001 . . . ,

and these are the sharpest bounds attainable from § 29
for any LN(x), if x is limited to natural numbers. The
difference between the bounds of this special LN–value
is one unit of the 7th decimal; and this is the reason why
Napier initially computes all his LN–values to 7 decimals.

12To see that Napier really made use of this acceleration, it suffices to have a look at the three tables that he subsequently forms. They
clearly show the points where he switched to a new quotient – this, of course, with the intention of making the arithmetic easier.
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Joining the sequences. Napier now considers rk (be-
cause vk = rkv0 = rkh):

r0 = 1.0000000, r1 = 0.9999999,

r2 ≈ 0.9999998, . . . r100 ≈ 0.9999900

With s = 0.99999 ≈ r100, he may advance more rapidly:

s1 = 0.99999, s2 ≈ 0.99998, . . . s50 ≈ 0.99950,

more precisely: s51 < 0.9995 < s50. Therefore the se-
quence {vk} has joined the sequence {xk} with its 5000th
term:

s50h ≈ (r100)50h = r5000h = v5000 ≈ 9995000 = x1.

Since LN(vk) = k ·LN(v1), the accuracy of LN(v5000) de-
creases to 5000 · 0.0000001 = 0.0005, but since 0.0005 <
0.0007, the accuracy needed for LN(9995000) is now
guaranteed.

Epilogue

There is still a lot that could be said about the further
execution of Napier’s program, because the real numer-
ical work has not even begun at this point of the story.
But I hope some of the aspects that Napier had to con-
sider before setting to work have come to light. To my
knowledge, the task that Napier undertook is unprece-
dented in the history of mathematics. The numerical
and computational work that he had before him, once his
approach had been found, still was tremendous and prob-
ably took him some decades to execute. Undoubtedly he
made good use of his own Napier’s bones, but this is an-
other aspect of the matter. The theoretical work that
had to be done before the numerical work could start
was immense, too.

Although Napier presented his kinematic concept of
geometrically and arithmetically moving points on a
straight line – which eventually leads to his function LN

– with some clarity, he carefully avoided mentioning any-
thing that might be considered superfluous when it came
to the construction of his tables. That is why one has
to read authors like Napier with extreme care, because
much important information can only be found between
the lines. If this has become sufficiently clear to the
reader, my aim is achieved.
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