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Prosthaphaeresis and Johannes Werner
A history of the forerunner of the logarithm and its invehtor

For a long time, people have looked for ways to simplify
computing procedures. The difficulty of the calculations was
not so important; the goal was always to reduce the amount
of computation, but without losing any accuracy.

Particularly in the field of astronomy, in which math-
ematics first developed, where computations with multidigit
numbers were (and still are) a necessity, these computations
were very expensive in time and effort. This particularly con-
cerned the basic operations of arithmetic such as multiplica-
tion and division, so the possibility to simplify these opera-
tions, for example by reducing multiplication to addition, would
be an ideal solution.

The most well-known example of this methodology, the
reduction of multiplication to simpler functions, is the loga-
rithm; logarithms were published in 1614 in Edinburgh by
John Napier (1550-1617) in the first table of logarithms
(Mirifici Logarithmorum Canonis Descript)o

But what happened before then? How did astronomers
do their calculations without having logarithms at their dis-
posal? The answer is that for about hundred years they used
prosthaphaeresis, (also written as prosthaphairesis or
prostaphairesis)

Introduction

Historical perspectives

Literature on the subject of prosthaphaeresis frequently men-
tions an incorrect name as its inventor; usually the discov-
ery is attributed to the astronomer Tycho Brahe or to his
pupil Paul Wittich, or sometimes even to Christopher Clavius.
However, Brian Borchers gave a short overview of
Prosthaphaeresis and its history in his article in the Journal
of the Oughtred Society (JOS) [1], and in that article he re-
ferred to its originator as being Johannes Werner.

Borchers' article stands as the starting point for this
article, in which the background to the prosthaphaeretic for-
mula, and to prosthaphaeresis itself, will be clarified from
historical and mathematical viewpoints.

The term “prosthaphaeresis” - meaning a system in
which one uses addition and subtraction - also has other
usages in astronomy; thus one speaks, for example, of
prosthaphaeresis in connection with: aequinoctiorum;
eccentritatis; latitudinis; nodi pro eclipsius; orbis; tychonica;
nodorum - “an orbiting body does not move itself evenly; it
moves more slowly if the Sun is in the proximity of the body;
faster, if the Sun moves away from it. “ [2]. However, these
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purely astronomical usages of the term “prosthaphaeresis”
will not be considered further in this essay.

Johannes Werner (1468 - 1522) can be seen to be the
discoverer of prosthaphaeresis, and substantial support for
this can be found in a work by Axel Anthon Bjérnbo [3]. As a
disciple of the historian of science Anton von Braunmuhl,
Bjornbo took up von Braunmiihl's references to some incon-
sistencies and went to Rome in 1901, so that he could read
and study appropriate ancient material in the Vatican library.
Of particular interest, he found an undated manuscript, with
the title I. loannis Verneri Norimbergensis “de triangulis
sphaericis” in four books, and alsid. loannis Verneri
Norimbergensis “de meteoroscopiigh six books.

Queen Christina of Sweden had been in possession of
the manuscript mentioned above, probably between 1654 and
1689; this document had been previously owned by Jakob
Christmann (1554 - 1613). After Queen Christina’s death in
1689, this manuscript (Codex Reginensis Latinus 1259, i.e.
Regina Sveciae Collection, item 1259) lay mainly disregarded
in the Vatican. The journey of this manuscript through time is
documented in chapter 11 of the main artidbring further
investigations it became clear that Werner was the editor
and/or an author of the two handwritten parts, but that he
did not physically write them himself. As to the actual writer
of the document, Bjérnbo identified a mathematically-inex-
perienced professional scribe of the time [4].

The text of the first complete part of the manuscigt (
triangulis sphaericiscan be found in Bjérnbo’s work [5] on
pages 1 - 133. Later on Bjornbo voices his opinions concern-
ing this manuscript both in the “publisher remarks” [Bjérnbo;
Chapter 3] and also in “text history” [6] in a very detailed
research report.

An innovation for its time, the organisation of the books
concerning spherical triangles is the following [7]:

1. An explanation of the different possible triangle forms

(Book 1)
a. A discussion concerning the spherical triangle

2. Solutions of the right-angled triangle (Book II)

a. The spherical-trigonometric basic formulae

b. The solution of the right-angled spherical triangle
3. Solutions of the non-right-angled (obtuse) triangle

(Book Il and 1V)

a. The solution of the obtuse triangle by decompo-

sition into right-angled triangles (Book I11)

b. The solution of the obtuse spherical triangle by a

prosthaphaeretically transformed Cosine rule (Book

V)
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The three categories stated are of the same structure as
the contents of th®pus Palatinunof Rheticus of 1596, in
so far as spherical triangles are concerned. The extensive
contents of the above mentioned manuscript will not be dealt
with further in this article.

In chapter 5 [8] is summarised the structure of the con-
tents of the individual books in a tabular form. Thus the
findings of Bjornbo, namely, the assumptions of Anton von
Braunmuhl [9] which confirm the authorship of the
prosthaphaeretic formula, along with recent up-to-date work
by David A. King [10] and Victor E. Thoren [11] together
constitute the foundation for the remainder of the main ar-
ticle

The mathematics behind prosthaphaeresis

To remind the reader, prosthaphaeresis provides a method
by the means of which the process of multiplication can be
converted into an addition or a subtraction by the use of
trigonometric formulae. This technique provided a substan-
tial easing of work for the astronomers of the time.

Looking at books of formulae or on the Internet [12, 13]
it becomes clear that there are many ways of expressing the
prosthaphaeresis formulae. These formulae, which we know
as the “prosthaphaeretic formulae” or as the
“prosthaphaeresis formulae”, are also known as the “Werner
Formulae” or as the “Werner Formulas” (Figure 1).

2sina cos B =sin(a — B)+sin(a + B) @
2cosa cos B = cos(a — fB)+cos(a + ) @
2cosasin f =sin(a+ f)—sin(a - f3) ©)
2sinasin f =cos(a —B)-cos(a +f) @)

FIGURE 1.
The Werner Formulae

(In German linguistic usage [14] these formulae shown in
Figure 1 are known as “Die prosthaphéaretischen Formeln”.)

A URL on the website containing Figure 1 leads to the
Prosthaphaeresis Formulae as shown below in Figure 2; these
formulae are known as “Simpson’s Formulae” or “Simpson’s
Formulas”. However these formulae differ in their represen-
tation and in their ease of use.
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cosc +cos ff = 2cos|: (a+p ]cos[;(a ﬁ] ®)

sina +sin f§ = 2sir{ a+f3 ]cos[;

sina —sin f§ = ZCOS[ (a+p ]sm[;

cosc —cos fB =—2$in|:%(a+,8):|sin[%(a—ﬁ]] @)

FIGURE 2.
Prosthaphaeresis Formulae from Mathworld

In more modern collections of formulae these names are
not used, but instead the formulae are referred to as “prod-
ucts of trigonometric functions” [16] - see Figure 3.

sina sin f3 =%[cos(a—ﬁ]—cos(a+ﬁ)]
cosa cos 8 =%[cos(a—ﬁ]+005(a+ﬁ)]

B)]

sina cos =%[sin(a+ﬁ)+sin(a—
cosasin 3 =%[sin(a+ﬁ)—sin(a —,3]]

FIGURE 3.
The Prosthaphaeretic Formulae as “products of trigonomet-
ric functions”

As a first application, an example of a multiplication of
the numbers 0.6157 and 0.9397 is shown with one of the for-
mulae shown in Figure 3 above, here restated:

A*B =sina » cosh = %[Sin(a+b)+sin(a —b)]

with the factors A=sia=0.6157 and B = cds= 0.9397 [15].
From the table in Fig 4 we read for factoraemn angle oh =

38° in the green grads (degrees) column, and fobcrs
angle of b = 20° from the red inverted grads (degrees) column
(see red ellipses).
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FIGURE 4.
Four-figure table from [17]

That is, for the two figures in the blue boxes we see the

results fom+b = 58° and foa - b = 18°. With sin 58° = 0.8480 ~ e
and sin 18° = 0.3090 their sum is 1.1570. Halving this gives J.sfronomus NO]’!b.JﬁQO
0.5786, which is the correct product of 0.6157 « 0.9397 to 4
places (to be more exact: 0.57857329). FIGURE 5.
Itis easy to recognise that using a sine table with higher Johannes Werner

precision will result in a higher accuracy. Using

Regiomontanus’ seven-figure tables from his sine tables of
1541 we find sin 18° = 0.3090170 and sin 58° = 0.8480481,
giving a sum of 1.1570651; halving that value gives a result
of 0.578532550 — a value now quite close to the real product.
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Endnote

1. TheJOS PLUSIlogo indicates that further information
relating to this article can be found on our webkittp://
www.oughtred.orgin this case, a much longer article, going
into much more detail, can be found. This longer article is an
update and translation of a German-language original which
can be found at [18].
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